International Journal of Modelling, Simulation and Applications (IIMSA) Vol.1, No. 1, 2016

APPLICATION OF LDTM FOR SOLVING
HEAT-LIKE AND WAVE-LIKE EQUATIONS
WITH VARIABLE COEFFICIENTS

. ok Kok
Kiranta Kumari , Praveen Kumar Gupta

IDepartment of Mathematics & Statistics, Banasthali University,
Banasthali-304022, Rajasthan, India
Department of Mathematics, NIT Silchar, Silchar-788010, Assam,
India.

ABSTRACT

In this article, a coupling of Laplace transformation and Differential transform method is presented for
solving heat-like and wave-like equations with variable coefficients. We demonstrate that the proposed
method is very convenient for achieving the analytical solutions of 2D and 3D partial differential
equations. The numerical computation shows the efficiency and simplicity of the method.
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1. INTRODUCTION

The heat-like and wave-like equations can be found in a wide variety of engineering and
scientific applications. In recent years, many analytical and advanced methods are developed for
heat-like equations, wave-like equations and wave systems [1-4]. The Differential Transform
Method (DTM) is one of them. DTM is an analytical approach based on Taylor series expansion
was firstly applied in the engineering field by J.K. Zhou in 1986 for solving linear and nonlinear
equation associated with electrical circuit analysis [5]. DTM has been successfully applied to
solve different types of heat-like and wave-like equations [6].

In this paper, the coupling of differential transform method and Laplace transformation is applied
to obtain exact solutions of heat-like and wave-like equations with variable coefficients. The
Laplace-differential transform method (LDTM) is an approximate analytical technique for
solving partial differential equations introduced by Marwan Alquran et al. [7] and it has been
successfully applied for solving different types of physical problems such as Cauchy reaction
diffusion equations and diffusion equation by Kiranta e al. [8-9]. The suggested algorithm is
tested on 2-dimensional and 3-dimensional heat-like and wave-like equations. To the best of our
knowledge no such try has been made to combine LTM and DTM for solving 3-dimensional
heat-like and wave-like equations. Three examples for heat-like equations and three examples of
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wave-like equations are solved to make clear the application of the transform and the numerical
results are very encouraging.

Heat-like equation We consider a heat-like equation with variable coefficients
described by a three-dimensional initial value problem (IVP) of the form

u,=f(x,y,z)uxx+g(x,y,z)u”,+h(x,y,z)uzz, 0<x<a,0<y<b,0<z<ec,t>0, (1.1)

with the initial conditions,

u(x, y,2,0) = glx, y, z). (1.2)

Wave-like equation We consider a wave-like equation with variable coefficients
described by a three-dimensional initial value problem (IVP) of the form

u, = f(x, v, Z)uxx + g(x, v, z)uyy +h(x, v, z)uzz, O<x<a,0<y<b0<z<c,t>0, (1.3)
with the initial conditions,
u(x,y,2,0)=0(x, y,2),  u,(x,,2,0)=9(x y,2) (1.4)

2. N-DIMENSIONAL DIFFERENTIAL TRANSFORMATION

The differential transform of a function u(xl, Xypeees Xy t) is defined as:

kytky+.tk,
1 9" u(x,, Xy 0y X,,1)

= k k k
kVkyl. k! ox, '0x,*..0x,"

Uk,,kz,.“,k,, (t) 2.1)

x,=0,x,=0,..., x,

where u(x,,x,,..., x,,t) is the original function and U Kok k (t)is the transformed function.

n

The inverse differential transformof U, , (1) is defined as:

u(xl,xz,..., xﬂ,t): Z Zz U,(]’,(2 AAAAA k“(t)xlk'xzkz...xnk", 2.2)

In actual applications, the function u(xl,xz,...,xn,t) is expressed by a finite series and
equation (2.2) can be written as

m; o n, P k X
w(x), Xy %, 0)= DD Uy (1) x5k 2.3)
=0k, =0 k,=0

The fundamental mathematical operations performed by n-Dimensional Differential
Transform are listed in the following Table 1.
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Criginal Function Transformed Function
BIX, Ky, Kyl k)= f'xl,xg,..., ontltglx, xy,... Uk‘k Lk L= Fk_k L LEE n:?k_k____pr 2]
X, Ky, K, B = .:r:f'xl, Xyoon Xy, 1) UR_R____,; I tl= ﬂFﬁ,.s-,_.._ﬁ, It

FotE T _
ulx £ e a ulxl,xz,._, xx,fl U.‘:-.k-.....k ':'—'kl"-l'...'kg +.?"1 '...'.'E:H'Fl'
12 Agsen Ay b= - - -
Bxl axg ...axm "'Ikx+rmle+r,..,k +;"I‘tI
a 3 a — —_ —_ —_
whx, Ky, Ry dl= R R Ry Uppox lil=dll—a g —ay  k—a,l

X, Ky, X E = f'xl, Kypoos Ko 12X, By, X, )

1
=3

3. Basic idea of LDTM

To illustrate the basic idea of Laplace differential transform method [7], we consider the
heat-like and wave-like equations.

3.1 Solution of the heat-like equation by LDTM

We consider a heat-like equation with variable coefficients described by a
three-dimensional initial value problem (IVP) of the form

u, = f(x, v, z)u” + g(x, v, z)uy_v + h(x, v, z)uzz, xe R,te R*, (3.1
with the initial conditions,

u(x, y,2.0)=g(x, y, z) (3.2)
and the spatial conditions

u(0,y,z,t)=, (y,z,1). ulx,0,z,t)=a, (x,z,1), ulx,y,0,t)= e, (x, y,1). (3.3)
Taking the Laplace Transformation of equation (3.1), w.r.to‘t’, we get

s Llux, y, z,0)]-ulx, y, 2,0) = LLf (x, y, 2Ju, + g (xs yo 2, +hlx, v, 2 |.

By using I.C. (3.2), we get
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L[u(x, v, z,t)]z M+§L[f(x, v, z)uxx + g(x, v, z)u_vy + h(x, v, z)uZZ ]

(3.4)
Now, applying the DTM on the equation (3.4) with respect to ‘x’, ‘y’, ‘z’, we get
1 1 k hoom
Llv,,.0)= 5 ¢k, h,m)+ s L[Z D> (r+2)r+ I)Ur+2~s.m—l(t)Fk-r,h_s,,(t)} +
r=0 s=0 =0
1 k h m
» L{z DY (s+2)s+ I)Ur,wz.m—z(I)Gk-r,h_s,,(t)} N s
r=0 s=0 =0

iW—Hmwd+mmmﬁmwﬁ4ﬂ.

Taking the inverse Laplace transformation of equation (3.5), we get

Uy (t)= gl hym)+ L { [zzz r42)r+1)U, ., ,()Fk,,hsy,(t)ﬂ+

r=0 s=0 /=0

@+wu+maMM4w@ﬂﬁuwﬂ+ 56

A z z z (m—1+2)m—1+00, . OH,_ .0
HELE |

Now, applying the DTM on the given spatial condition (3.3), we get

U(),h,m (t) =, (y, <, t)? Uk,o,m (t) =a, (x, <5 t)9 Uk,h,() (t) =a;, (x, Y, t)- (3.7)

Now using the equation (3.7) in (3.6), the solution in the series form is given by

k h m
k  h_m
Xy,Zt:ZZ Ukhm xyZ .

r=0 s=0 [=
3.2 Solution of the wave-like equation by LDTM

We consider a wave-like equation with variable coefficients described by a
three-dimensional initial value problem (IVP) of the form

u, = f(x, v, z)u‘u + g(x, v, z)uyy +h(x, v, z)uzz, xe R,te R*, (3.8)

with the initial conditions,
u(x,y,2,0)=0(x, y,2),  u,(x, y,2,0)=9(x, y, 2), (3.9)

and the spatial conditions

M(O, y’ Z’t): al (y,z,t), u('x’ 0’ Z’t): aZ (X,Z,t), M(X,y,o,t): a3 (X, y’t) (310)
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and
Mx(oayaZat):ﬁl (y,Z,t), u),(x,O,z,t)=,32 (X,Z,t), uz(x’y’o’t):ﬂ3 (x’y’t). (3.11)
Taking the Laplace Transformation of equation (3.8), w.r.to‘t’, we get

$?Llu(x, y, 2,0 = su(x, v, 2.0)=u, (x, 3, 2.0) = L[£ (x, y, 2, + gl v, D, +hlx, v, 2, ]

By using I.C. (3.9), we get
1 1 1
L[u(.x, y, Zs t)] = ; ¢(x7 yy Z)+? ¢('x9 y’ Z)+S7 L[f('x’ y’ Z)uxx + g('x’ y’ Z)uyy +h(x’ y’ Z)u::] (3 12)

Now, applying the DTM on the equation (3.12) with respect to ‘x’, ‘y’, ‘z’, we get

L, (r)]=§¢(k,h,m)+s%¢(k,h,m)+

1 [k h m
S_2 L z z z r+ 2 r+ 1)l] r+2,s,m—1I (t)Fk—r,h—s,l (t):| +
L r=0 s=0 [=0
1 [k h m (3.13)
S_Z L z z z (S + 2)(S + I)U r,s+2,m—I (t)Gk—r,h—S,l (t):| +
L r=0 s=0 [=0
1 [k h m
S_Z L z z z (m - l + 2)(m - l + l)U r,s,m—1 (t)Hk—r,lz—s,l (t):| .
L r=0 s=0 [=0
Taking the inverse Laplace transformation of equation (3.13), we get
Uk,h,m (t) = ¢(k h’ m)+ t¢(k’ h’ m)+
B B l [ & h m
L l S_2 L z Z l" + 2 r+ I)Ur+2,s,ml(t)Fkr,hs,l(t):|:| +
L r=0 s=0 [=0
1 [eee 3.14
L : s_2 L Z z z s+ 2 s+ l)Ur,S+2,m—l (t)Gk—r,/z—s,l (t):|:| + ( )
L Lr=0 s=0 [=0
I k. h
Lil S_ZL z _l+ 2 _l+l)Ur,s,mZ(t)Hkr,hs,l(t):|:|'
B L r=0 s=0 I=
Now, applying the DTM on the given spatial condition (3.10) and (3.11), we get
U jm (t) =q (y’ Z, t)’ Ui om (t) =0, (x, <, t)’ Uino (t) =0, (x, Y t) (3.15)
and
Ul’h‘m(l‘) = ﬁl(y, ZJ), Uk,l,m(t)z ﬁz(x’ Z’t) k., 1( ) ﬁz(x Y.t ) (3.16)

Now using the equation (3.15) and (3.16) in (3.14), the solution in the series form is
given by
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k h m

u(x, Y, Z’t)zZZZUk,h,m(t)xkyhzm

r=0 s=0 [=0

4. Numerical Applications
4.1. Heat-like models

In this section, three Heat-like models from each type will be tested by using the LDTM.
Example 1. Consider the one-dimensional heat-like model
ou x> 9u

a_:?F’ 0<X<1,t>0, (41)
t X

with the initial conditions,

u(x,0)=x2, 4.2)
In this technique, first we apply the Laplace transformation on equation (4.1) with respect
to ‘t’, therefore, we get

s 2lulr. ) -u(x.0) = Lb o }

By using initial conditions from equation (4.2), we get

Llu(x,1)]= £+1L{ﬁ 82”}

s s 2 ox?

Now, we applying the Inverse Laplace transformation w.r.t. ‘s’ on both sides:

aot)= x4 I {LB o H

The next step is applying the Differential transformation method with respect to space

variable ‘x’, we get
k

U (t)=5(k- 2t+L‘[ [z r+2)r+1)U,,,(t)s —r—2t }
r=0

By straightforward iterative steps, we get the component U, (t),k >0 of the DTM can

be obtained.
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1 k=1
Uk(t)z e k=2 (4.3)
0 else

Finally, the closed form solution is given by

= iUk(t)xk =x’e".
k=0

which is the exact solution.

Example 2. Consider the two-dimensional heat-like model

du 1| ,9u ,9%u
—|y —+x —| O0<x,y<L >0, 4.4
o 2 {y a9y Y (9

with the initial conditions,
u(x, y,0)=2y2. 4.5)

In this technique, first we apply the Laplace transformation on equation (4.4) with respect

to ‘t’, therefore, we get
o’u 0’u
s Llulx, y, ulx, y,0)= +xP—
eyl )= 2 S
By using initial conditions from equation (4.5), we get

2y* 1 0’ 0’
L[u(x, y,t)]=%+2—SL{y2 ax—?+x2 ay—b;}

Now, we applying the Inverse Laplace transformation w.r.t. ‘s’ on both sides:
1 0’ 09’

ulx, y,1)=2y"+ Ll{z— L{ 200 Ly —uﬂ
N

The next step is applying the Differential transformation method with respect to space
variable ‘x’ and ‘y’, we get

k

UL ()= 268001 2t+L[ {zﬁﬁz r+1)Ur+2h\()5(k—r,s—2,t)ﬂ+

r=0 s=0

{ [ﬁi 425 +10, ,M()a(r-z,h-s,r)ﬂ;

r=0 s=0
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By straightforward iterative steps, we get the component U, ,(¢).k >0,h>0 of the

DTM can be obtained.
2sinh(t)  k=2,h=0
U,,(t)=42cosh(t) k=0,h=2 (4.6)
0 else

Finally, the closed form solution is given by
u(x, y,1) ZZUk’h(t)xkyh =2x? sinh(¢)+ 2y? cosh(r).
k=0 h=0

which is the exact solution.

Example 3. Consider the three-dimensional heat-like model

du 4 ,0u  ,9u ,d%u
- +— —+ —+ ~ 5 | 0<X, s <1’t>0’ 47
o EE 36[ IERE A »e @

with the initial conditions,
u(x, y,z,0)=0. (4.8)

In this technique, first we apply the Laplace transformation on equation (4.7) with respect

to ‘t’, therefore, we get

1 0’u 0°u 0’u
sLlulx, y, z,t)|—ulx, y, z,0 xtytzt |+ — L] x? +y2 +z2 .
[(y)](y)sy]36 T 0t o
By using initial conditions from equation (4.8), we get

o’u o’u o’u
Llulx, ,zt ——x444+ Xy —
[( y y ] S axz y ayZ aZZ

Now, we applying the Inverse Laplace transformation w.r.t. ‘s’ on both sides:

2 2 P
“yﬂf—$“44hy{£ {ﬁau+fa”+fauﬂ
S

ox® dy’ dz°

The next step is applying the Differential transformation method with respect to space

e ? 3

variable ‘x’, ‘y’ and ‘z’, we get
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Uk,h,m(t): té(k _4,h_4’m—4’l’)+

k h m
I LL ZZ (r+2 r+1)Ur+2’s’m_l(t)5(k—r—2,h—s,l,t)ﬂ+
_365 L r=0 s=0 I=
i Ck h m
I LL D (s+2 s+1)U”+2m,(t)é‘(k—r,h—s—Z,l,t)ﬂ+
_36S L r=0 s=0 I=0 T
B [ & h m
[ %L ZZ (m—1+2)m—-1+1)U, "m_m(t)é'(k—r,h—s,l—Z,t)ﬂ;
| 208 [ r=0s=0 I=

By straightforward iterative steps, we get the component U, , . (t).k>=0,h>0 and

m = 0 of the DTM can be obtained.

4.9)

e -1 k=4 h=4,m=4
khm(t):
0 else

Finally, the closed form solution is given by
ulx, y, z,1)=3" % ZUMM xty" 2" = xty'e e -1)
k=0 h=0 m=0
which is the exact solution.
4.2. Wave-like models
In this section, we illustrate our analysis by examining the following three Wave-like
equations.

Example 4. Consider the one-dimensional wave-like model

’u  x* 9%u

=2 2= 0<x<l,1>0, (4.10)
o’ 2 ox?
with the initial conditions,
u(x,0)=x, u,(x,0)=x% @.11)

In this technique, first we apply the Laplace transformation on equation (4.10) with

respect to ‘t’, therefore, we get

L) (.01, (x.0) = L[x—z a_“}

2 ox

By using initial conditions from equation (4.11), we get
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2 2 32
X X 1 | x” o°u
Llu(x,1)]==+=5+— L[— —}
N N

S 2 ox?

Now, we applying the Inverse Laplace transformation w.r.t. ‘s’ on both sides:

2
u(x,t) x+xt+ L — L] =— x” 9% .
s2 2 ox’

The next step is applying the Differential transformation method with respect to space

variable ‘x’, we get
k

U, (t)=6(k=1,1)+15(k —2,1)+ L [ {Z r+2)(r+1) r+2(t)5(k—r—2,t)ﬂ;
r=0

By straightforward iterative steps, we get the component U (¢),k >0 of the DTM can

be obtained.

1 k=1
Uk(t)Z Sil’lh(t) k=2 (412)
0 else

Finally, the closed form solution is given by
= z U, (t)x* = x+ x* sinh (¢).
k=0
which is the exact solution.

Example 5. Consider the two-dimensional wave-like model

821/! 1 zazu zazu
=X =y , 0<x,y<l,t>0, (4.13)
or’ 12{ ax 0 3y '

with the initial conditions,
u(x, y,0)=x*, u,(x,y,0)=y4. 4.14)

In this technique, first we apply the Laplace transformation on equation (4.13) with

respect to ‘t’, therefore, we get

2 2
s Llu(x, y, )] - su(x, y,0)-u,(x, y,0)= é L{Xz % +y’ g_yq

By using initial conditions from equation (4.14), we get
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xt oyt 1 ,0u  ,0%u
LM X, 9t =—+—+ L X + .
e, . s st 12s° ox’ Y dy’

Now, we applying the Inverse Laplace transformation w.r.t. ‘s’ on both sides:

1 0%u d%u
ulx, v,t)=x" +ty* + L' Ll x* +y?2 .
(e 3.1) & |:12S2 { ox’ Y dy’ ﬂ

The next step is applying the Differential transformation method with respect to space
variable ‘x” and ‘y’, we get
Uou(t)=0(k—4,nt)+18(k, h—4,1)+

k. h

L-[ 1 L{ZZ(r+2)(r+1)UH2’,” (t)é'(k—r—Z,s,t)ﬂ+

2
12s r=0 s=0

2

s

L-[lzt : LL;Z:;(s+2)(s+1)Uk_m+2(t)5(r,h—s—2,t)ﬂ;

By straightforward iterative steps, we get the component U, , (t).k>0,h>0 of the

DTM can be obtained.
cosh(t) k=4,h=0

U.,(t)=1sinh(t) k=0,n=4 (4.15)
0 else

Finally, the closed form solution is given by
ulx, y, )= z Z Uk,h(t)xkyh = x* cosh(¢)+ y* sinh(z).
k=0 h=0

which is the exact solution.

Example 6. Consider the three-dimensional wave-like model

2:x2+y2+z2+%{x2 Ou 20

2
5 +z2a—u:|, O<x,y,z<1, >0, (4.16)
t

FIoEF N
with the initial conditions,
u(x,y,z,O)zO, u,(x,y,z,0)=x2+y2—zz. 4.17)

In this technique, first we apply the Laplace transformation on equation (4.16) with

respect to ‘t’, therefore, we get
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2 2 2
szL[u(x, v, Z, t)]—m(x, v, z,O) (x ¥, 2, 0 [x + y +2z ]+ 5 L{x (32+ g b; + 77 32‘}
Z

By using initial conditions from equation (4.17), we get

Lr, 5 -1 1ps. - .1 1 ,0u  ,0u  ,0%u
L = - — L .
[u(x, y, z,1)] " [x+y2 -2 ]+s3 [x2+y2+2 ]+2S2 [x Sty ay2+z .

Now, we applying the Inverse Laplace transformation w.r.t. ‘s’ on both sides:

r 1 o’u o’u o’u
ux7 7Z7t :tx2+ 2_Z2 +— x2+ 2+Z2 +L_l —L x2—+ 2_+Z2_ .
(3, 2.0) =1l + 37 = 2°] 2[ v+ 2] T Y e o

The next step is applying the Differential transformation method with respect to space

’

variable ‘x’, ‘y’ and ‘z’, we get

2

Uk,h,m(t)=[t+%}5(k—2,h,m,t)+{t+%}5(k h=2,m,1)— [r— }5(k,h,m—2,t)

mn

)
2
B 1 C &k h
L e L ZZ (r+2)r+0U 0 )0k —r—2,h—s5,1,1) }
L N Lr=0 s=0 I=

I T R
L Ly

=

Ms

(s+2)s+ 1)U, ps ()5 —r,h—5-2,1, t)ﬂ +

_2S2 L r=0 s=0 [=0
i & h m
Lol 2 St 2) —l+1)U,’S,m_,+2(t)5(k—r,h—s,l_Z,t)ﬂ;

By straightforward iterative steps, we get the component U, , . (¢).k>=0,h>0 and
m > 0 of the DTM can be obtained.

e —1 k=2,h=0,m=0
e —1 k=0,h=2,m=0
e —1 k=0,h=0,m=2

0 otherwise

Uy ()= (4.18)

Finally, the closed form solution is given by
ulx, y, z,t) =iii U, @)xy" 2" =x2(e’ —1)+y2(e' —1)+zz(e_' —1)
k=0 h=0 m=0

which is the exact solution.
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4. CONCLUSION

In this study, we apply Differential Transform Method (DTM) coupled with Laplace
Transformation is presented for solving heat-like and wave-like equations with variable
coefficients which arise very frequently in physical problems related to applied sciences and
engineering [2], [6]. We demonstrate that the proposed method is very convenient for achieving
the analytical solutions of 2-D and 3-D partial differential equations. It is observed that the
proposed technique is suitable for such type of problems, it gives rapidly converging series
solutions and gives excellent accuracy for finding and is very user-friendly. Computational work
and subsequent results are fully supportive of the reliability, simplicity, efficiency and accuracy
of the suggested scheme.
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